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Abstract
We argue that the infall time to the singularity in the interior of a black hole, is always
related to a classical thermalization time. This indicates that singularities are related to
the equilibration of infalling objects with the microstates of the black hole, but only in
the sense of classical equilibration. When the singularity is reached, the quantum state of
the black hole, initially a tensor product of the state of the infalling object and that of the
black hole, is not yet a ”generic” state in the enlarged Hilbert space, so its complexity is
not maximal. We relate these observations to the phenomenon of mirages in the membrane
paradigm description of the black hole horizon and to the shrinking of the area of causal
diamonds inside the black hole. The observations are universal and we argue that they
give a clue to the nature of the underlying quantum theory of black holes in all types of
asymptotic space-times.
1 Introduction
The nature of the space-like singularity inside the horizon of black holes has been the subject
of conjecture since it was discovered. Recent progress on the theory of quantum gravity has
not led to a resolution of this problem. One observable of the local GR description of black
holes, which is difficult to describe in a formalism in which all variables live on the conformal
boundary of an infinite space-time, is the infall time to the singularity. The infamous firewall
problem[1] is essentially the claim that the infall time to the singularity is of order the Planck
time. Much of the recent discussion of firewall avoidance in the context of AdS/CFT has
focussed on the quantum mechanical notion of computational complexity. It’s argued that
while a generic quantum state has a firewall, one does not create a generic quantum state when
a black hole is formed by collapse or collision of ordinary matter. The time required to reach
a generic state is extremely long, and for black holes in Minkowski or dS space, or small black
holes in AdS space, it’s exponentially longer than the black hole evaporation time. Indeed, for
systems with finite lifetimes much shorter than the time it takes to develop maximal complexity
from a given initial state, the whole concept of complexity does not make any sense.
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This analysis does not explain the infall time to the singularity, as experienced along a
time-like trajectory in the interior of the black hole, which means that it does not answer the
only kind of experimental question one can ever ask about a black hole interior. Note that black
hole interiors never have time-like Killing vectors, so by definition, time evolution generated
by an asymptotic symmetry of the space-time in which the black hole is immersed, cannot be
directly relevant to any experimental measurement in the interior. One can of course extend
global time slices far from the black hole into the interior in an infinite number of possible
ways, but any prescription that avoids the singularity is related to proper time along interior
time-like trajectories by a singular transformation. This is true in particular for the interior
slices of the Einstein-Rosen bridge described in [4].
The Holographic Space-time (HST) resolution of the firewall problem has a quite different
flavor[2]. In HST models, as in Matrix Theory[3], a system of two objects far from each
other is described by a constrained state of the fundamental variables of quantum gravity.
The Hamiltonian is a trace of a polynomial of matrices that are bilinears in the fundamental
variables. The constraints imply the vanishing of off diagonal matrix elements between two
subsystems. In [2] the authors argue that the Hamiltonian describing infall is dual to that
describing propagation on the stretched horizon. From the stretched horizon perspective, one
sees equilibration of the two systems due to excitation of the constrained, off-diagonal, degrees
of freedom. This is interpreted along the infalling trajectory as a decrease in entropy available
to describe local physics of the infalling system, corresponding to the decrease in holographic
screen area of causal diamonds as their past tips are taken further from the horizon. The states
that have come into equilibrium with the pre-collision black hole’s variables are no longer
included in the Hilbert space that is causally connected to the infalling system.
It turns out that this connection between infall time to the singularity and equilibration
time of the extra entropy that is produced by the collision is quite general and holds in all the
examples I have checked. Let’s begin by reviewing what happens in Minkowski space. The
Schwarzschild metric is
ds2 = −(1−
RS
r
)dt2 +
dr2
(1− RS
r
)
+ r2dΩ2. (1)
Inside the horizon r becomes the time-like coordinate and the proper time for any infalling
time-like trajectory to hit the singularity is of order RS. A system of mass m falling on the
black hole increases its entropy according to the first law of thermodynamics
m/T = dE/T = dS = RSm. (2)
Here and in what follows we set the Planck scale equal to one and neglect order one geometric
factors. The question is, where does that huge increase in entropy come from? The microscopic
object falling on the black hole has entropy that is o(1). It seems rather inevitable that we must
view the system of infalling particle plus black hole as existing initially in a constrained state,
in which a number of degrees of freedom (q-bits) of order mRS are frozen. The temperature T
is the average energy per degree of freedom of the system, and therefore sets the scale for the
fastest time scales on which equilibration can take place. Note that the huge black hole entropy
implies that there are splittings of quantum levels of the black hole that are exponentially
smaller than T . Classical and quantum recurrence times are controlled by these level splittings,
but they are actually meaningless for this system, because the black hole decays long before one
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can resolve them. In particle physics language, the width of the excitation is much larger than
the splittings involved in recurrences and the growth of complexity. The eternal Schwarzschild
solution of GR is better thought of as a description of a large black hole onto which a spherically
symmetric dribble of infalling matter is constantly falling, at a rate that makes up for the mass
loss to Hawking radiation, rather than an isolated quantum system with a fixed Hilbert space.
The above discussion used the proper time of an infalling trajectory to define the frame in
which energy and temperature are defined. It can be compared to the view of an accelerated
trajectory outside the black hole, e.g. at a fixed Schwarzschild coordinate r ∼ RS. This defines
a correspondence between the times along the two trajectories, which can be synchronized when
the infalling trajectory crosses that value of r. The time of horizon crossing for the infalling
trajectory can be synchronized by equating it to the time that a signal of fixed frequency
emitted from that trajectory, falls below a certain infrared cut-off frequency when received at
the position of the accelerating trajectory. This definition has only a weak dependence on the
choices of fiducial and cutoff frequencies.
The quasi-normal ringdown time for quasi-normal modes seen from the accelerating trajec-
tory, is of course of order RS, which is the same as the infall time to the singularity. The fact
that the apparent horizon of a trajectory crossing the real horizon begins to shrink is interpreted
as the decrease of the number of degrees of freedom of the system along the infalling trajectory,
which are not yet in equilibrium with the black hole.
Hayden and Preskill[5] argued that the number of units of RS that it takes to come to
classical equilibrium is of order ln(RS) and Susskind and Sekino[6] argued that this implied that
the quantum system responsible for black hole thermodynamics had to be a fast scrambler. An
equivalent statement is that it should be invariant under a finite truncation1 of the group of
volume preserving mappings of the horizon and should not behave like a local field theory.
1.1 1 + 1 Dimensional Models
In[8] I described a Holographic Space-time (HST) derivation of the famous exactly soluble
0B string theory. The HST analysis led to a generalized set of consistent quantum models
which had meta-stable excitations with the properties of linear dilaton black holes. The models
had many free parameters and I conjectured that at least some choices of those parameters
would correspond to models dual to the near horizon limit of linear dilaton black holes arising
in Calabi-Yau compactifications of Type II strings. The low energy effective field theories of
those models are the CGHS[9] models of large numbers of massless fermions coupled to 1 + 1
dimensional linear dilaton gravity2. Since every pair of Dirac fermions can be mapped onto the
1 + 1 dimensional string theory, we conjectured that the UV model containing 2N relativistic
fermions was related to a model of N non-relativistic fermions in the upside down harmonic
oscillator potential, with single body Hamiltonian h = 1
2
(p2 − λ2). [11]. The scale of energy
is defined by the curvature of the upside down oscillator, which we’ve set equal to 1, and we
identify this with the two dimensional analog of the Planck scale. The other scale in the problem
is the Fermi level, and scattering amplitudes are small when the Fermi level is far below the
top of the potential. The string coupling is roughly the ratio of the Planck scale to the distance
1because the total entropy is finite
21 + 1 dimensional gravitational models always contain a scalar field, whose non-trivial ground state profile
measures the entropy in causal diamonds with given proper time. Different models have different ground state
profiles.
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between the Fermi level and the zero of potential energy. The gravitational problem is one
sided and the even and odd wave functions in the potential correspond to excitations of two
different relativistic fermion species.
The variables u± = 1√
2
(p ± λ) satisfy the ’t Hooft-Dray commutation relations between
incoming and outgoing light front coordinates at a black hole horizon. The Hamiltonian can
be written as ∂ln u± ± i in the asymptotic regions where one or the other variable is large and
the naive S-matrix is just the mapping between the basis of fields in these two variables. In the
asymptotic region, the fields are manifestly massless relativistic fermions[10], as one expects in
the CGHS models.
The 0B string theory failed to have black hole excitations for two unrelated reasons. There
are no states of large entropy localized near the region of strong string coupling, which in λ
space is the region of small u± . Putting in a large number of fermions helps with this problem,
but since the model remains integrable there are at least some initial states where one can insert
a large amount of energy into the strong coupling region without creating a high entropy meta-
stable state, which decays thermally. To ameliorate this problem we introduce an additional
interaction term
∆H =
∫
dλdλ′JIJKLΨ
†
I(λ)f(u
2
+ + u
2
−)ΨJ(λ)Ψ
†
K(λ
′)f([u′+]
2 + [u′+]
2)ΨL(λ
′). (3)
The function f falls off exponentially for large values of its argument. The couplings JIJKL
should couple each fermion to every other one, so that the system will be a fast scrambler[6].
They should scale with N like the couplings in the SYK[12] models, so that there is a consistent
large N limit. They should also be sufficiently attractive that the system forms large entropy
meta-stable bound states when a large number K of different fermions are thrown into the
interaction region. Note that all the scales in the interaction are of order 1 so that the equili-
bration time is just the logarithm of the entropy K ∼ N . This is consistent with the fact that
the infall time to the singularity of linear dilaton black holes is the Planck scale, independently
of the size of the hole. Note also that, following the large N rule that energies, etc. are taken
to be o(1) as a function of N , the entropy of a black hole will be linear in its energy with a
temperature of order Planck scale. This coincides with the classical entropy formula for linear
dilaton black holes. If the couplings transport energy among the different fermion species on
the fast scrambling time scale, then the same will be true for black holes formed by a single
species of incoming fermion with energy of order K. Note that the vanishing specific heat of a
linear dilaton black hole tells us that there are no frozen degrees of freedom, which need to be
excited when a localized excitation falls onto a black hole. Correspondingly, in the quantum
models, all the entropy is carried by matter fields. The dilaton keeps a hydrodynamic record of
where the entropy is localized in meta-stable excitations of the model, but there is no entropy
associated with the dilaton/graviton fields themselves.
This is to be contrasted to what happens for meta-stable black holes in higher dimensions.
The difference is precisely accounted for by the fact that above three dimensions3 there are soft
graviton modes in a causal diamond of size R, which travel only on the boundary of the causal
diamond. These are responsible for the entropy of the diamond, and have an energy measured
3Note that in AdS3 there are no meta-stable black holes, though in realistic AdS/CFT models, with two
or more compact dimensions of size equal to the AdS radius, there are meta-stable black holes in 5 or more
dimensions, with radius much smaller than the AdS radius, which behave in many ways like Minkowski black
holes.
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along causal time slices in the diamond, which is of order 1/R. States with a higher degree of
localization in the diamond are constrained states of these degrees of freedom.
One can also study quasi-normal modes of the scalar fields dual to the massless fermions
of the model. The authors of [9] wrote down the general solution of linear dilaton gravity
coupled to scalars dual to an arbitrary number of fermions. We want to study the linearized
solution corresponding to a black hole with an infinitesimal matter perturbation falling on it.
The exact metric is conformal to Minkowski space and the exact scalar field equation is the
massless Klein-Gordon equation. The conformal factor of the metric and the dilaton are given
in terms of two massless solutions of the KG equation v and w by
e−2φ = v − h+h−, (4)
e−2φ = e−we−2φ, (5)
where
∂±h± = L
−1
P e
w±. (6)
Finally,
2v± =MLP −
∫
ew±
∫
e−w±∂±fi∂±fi. (7)
The ± subscripts denote right and left moving parts of the massless KG solutions. To linearized
order, the matter perturbations simply propagate into the black hole geometry in a time of order
Planck scale, leaving no trace on the horizon. The quadratic effect of the perturbations is a
shift in the horizon. This is not of course surprising, given that the horizon is a point in this
model. All the perturbation can do is shift the value of the dilaton at the horizon, which is to
say, the mass of the black hole.
Finally, let us digress to note a feature of these models that throws some light on the nature
of string perturbation theory. One gets into a weakly coupled regime by expanding in powers
of the ratio between the Planck scale and the depth of the Fermi surface below the top of the
potential. In this regime, the scattering is universal and integrable. If we start from a state in
which all the individual fermion numbers have fixed values, then to all orders in perturbation
theory we just reproduce N commuting copies of the 0B S-matrix. The series are of course
not Borel summable. We could define the model by the fermionic model with any value of
the couplings JIJKL and any function f with the same support properties. All of the UV
completions we’ve suggested are unitary, and consistent with causality. Many, but not all, of
them have meta-stable excitations with the properties of the linear dilaton gravity black holes
and deserve to be called quantum models of linear dilaton gravity. The string perturbation
series cannot distinguish between the models with black holes, and those without them.
It’s of course possible that if we started from the higher dimensional string models, which
have black holes whose near horizon region is described approximately by linear dilaton gravity
coupled to massless fermions, we would find string scale corrections to the effective action, which
would indicate the need for more elaborate string perturbation series and violate integrability.
However, any such framework would have to have an analog of the tachyon wall, which kept
particles of string scale energy away from the top of the potential to all orders in perturbation
theory. It still could not probe the Planck scale interactions responsible for black hole physics
in these models.
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2 Stable Black Holes in AdS space
In studying thermalization and infall for excitations of stable black holes in AdS space, we have
to keep careful track of the various scales involved. We have the AdS radius, the Planck scale,
the size of the black hole and the ratio of the size of the infalling disturbance to the AdS radius.
We might also have the string scale in weakly coupled string models, but we will ignore this
complication.
Invoking the AdS/CFT correspondence, we of course want to study a CFT with a gravity
dual and black holes whose radius is large compared to RAdS. We want to study excitations
of the black hole confined to the interior of a cone whose opening angle is small compared to
a full sphere. From the CFT point of view, the whole system lives on a sphere of radius RAdS
and opening angles are conformally invariant so our cone has a small opening angle on the
boundary sphere.
There are two time scales associated with scrambling in a general quantum system. Fol-
lowing [7] we call these the dissipation time td and the scrambling time t
∗. For a CFT with a
gravity dual, td ∼ β is computed in terms of the decay time of quasi-normal modes for large
black holes[15], while the results of[17] indicate that t∗/td ∼ lnS4 For an angularly localized
perturbation, there is a more refined question one can ask, namely how long it takes the infor-
mation in the perturbation (i.e. the small number of operators affected by it), to spread over
the sphere. Causality of the CFT tells us that this time, call it thom is bounded from below by
something of order thom ∼ tdβ
−1RAdS ∼ RAdS. That is, scrambling is ballistic in field theory,
so one cannot cover the distance around the sphere in time β.
All of these times are measured in the field theory on the boundary sphere. However, the
angular opening of the perturbation cone is a conformally invariant quantity, and for a large
radius black hole, the metric rapidly approaches the asymptotic form of the AdS metric, in
which distances on the sphere and time scale the same way, a few Schwarschild radii from the
horizon. Thus, the time thom ∼ RAdS is the time it takes for disturbances to homogenize on
the black hole horizon, as seen from a stable orbit around the black hole. Now recall that the
spacetime near the horizon of a large radius AdS black hole has the same constant negative
curvature as the background AdS space, and also that proper time it takes to traverse a radially
infalling time-like trajectory is never larger than RAdS. Thus, the infall time to the singularity
is of order thom.
What then is the meaning of td and t∗ for an angularly localized perturbation? Here we
have to recall that in all well established examples of AdS/CFT, a large radius AdS space is
always accompanied by two or more compact dimensions with approximately the same radius
of curvature. Furthermore the dynamics is not in any way local in the compact dimensions. In
Lagrangian examples like N = 4 SYM, the angular dynamics on the internal sphere is controlled
by a matrix model and is a fast scrambler. Perturbations localized on the boundary sphere of
AdS and on S5, are generically not localized on S5 after a time t∗, but remain fairly localized in
the transverse AdS directions. Furthermore, it’s clear from examples that a finite fraction of the
entropy of the system comes from states associated with changes in the compact dimensions.
Thus, a perturbation to an operator affecting only a few qubits of the system will rapidly spread
among all energetically accessible operators that change the compact dimensions, without at
4These estimates are not sensitive enough to determine whether the entropy in the logarithm is that of the
entire black hole, or only a patch of size RAdS on the AdS d− 2 sphere.
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first changing its angular location on the horizon. This means that the space-time picture of
the black hole interior in the AdS dimensions, is not greatly affected. Space-time locality on
the sphere in AdS space is not completely destroyed because the tensor network cutoff of the
CFT dynamics on the horizon is a lattice field theory with an AdS scale lattice spacing. The
timelike trajectory entering the sphere at fixed angle survives as the description of a node on
the lattice, with many degrees of freedom, until ballistic propagation of information has spread
the information originally encoded in that node into distant nodes on the sphere.
If, in the geometrical description of the interior, several perturbations are sent in at closely
spaced angles, in such a way that the corresponding timelike trajectories are in causal contact
before hitting the singularity, then the corresponding CFT description is of two close by nodes
interacting, before the information encoded in them propagates around the horizon. Since we’re
considering models in which the AdS radius is large, there is time for lots of complex interaction
to take place.
In [2] the authors argued that the well known mirage5 phenomena on the black hole horizon
in Minkowski space were equivalent to the dynamics described on trajectories falling through
the horizon. The arguments of this note extend that correspondence to the case of large AdS
black holes, though it would probably be worth exploring AdS mirages and their correspondence
with the dynamics of the interior in more detail. For the 1+1 dimensional linear dilaton models,
the classical estimate of the infall time is the Planck scale, independent of the black hole size,
so there is no such thing as a classical black hole interior. Indeed, all of the dynamics associated
with these very simple black holes in our explicit quantum models takes place at the Planck
scale, and is invisible even to string perturbation theory.
3 Conclusions
We’ve argued that the time scale for a geodesic to hit the singularity for a large class of black
holes, is of order the time for information to homogenize on the spherical horizon, with the
latter time measured along time-like trajectories a few Schwarzschild radii from the horizon,
e.g. stable orbits for massive particles. In more picturesque language, we’ve argued for a duality
between the ”mirage on the horizon” of an event in the interior of the black hole, and the event
itself. The black hole singularity, which in dimensions above three, corresponds to a shrinking
of the area of causal diamonds as their past tip approaches the singularity, is associated with
the equilibration of degrees of freedom corresponding to subsystems that are weakly coupled to
each other (and therefore localized) , with the majority of the degrees of freedom on the black
hole horizon.
All of the time scales discussed in this note are exponentially shorter than the time scales
required for the initial quantum state to become generic in the space of all states in ”the
Hilbert space of the black hole”. Indeed, for black holes in de Sitter or Minkowski space, or
small meta-stable black holes in AdS space, the phrase in quotation marks only makes sense on
time scales much smaller than the time required for the quantum state to be fully randomized.
Thus, issues of complexity have nothing to do with the singularities inside black holes. It has
been conjectured[4] that firewall singularities, which destroy the smooth interior geometry of
5An example of such a mirage: if a particle and anti-particle are sent into a black hole on trajectories such
that they meet and annihilate before hitting the singularity, then the field configuration on the horizon has a
dipole, which shrinks and disappears before the system reaches equilibrium.
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black holes within a Planck time of horizon crossing, are connected with the black hole having
reached a state of maximal complexity. This conjecture only makes sense for stable AdS black
holes, which actually last for quantum recurrence times, but it is not clear that it is correct
even in that case.
The picture of the black hole interior for black holes with negative specific heat, which
was developed in [2], is quite different. For these black holes, the non-singular interior of a
truly isolated black hole, once it has come to thermal equilibrium, does not exist. Rather,
it is recreated each time a light object falls on the black hole, and is dual to the process of
thermalization of the frozen degrees of freedom, which mediate interaction between the black
hole horizon and the localized object. The non-singular region of the eternal black hole solution
of GR is a feature of a black hole in unstable thermodynamic equilibrium with an infalling gas
of particles, at a rate that compensates for Hawking evaporation. For linear dilaton black holes,
there is no non-singular region of super-Planckian extent, and this corresponds to the fact that
equilibration takes place on Planck time scales in the dual fermion model.
One can ask whether these ideas extend to large AdS black holes. The discussion above
says that they do, for perturbations of the black hole localized in small angular regions on the
sphere in the approximately flat space one obtains for large AdS radius. This space has at least
two more large dimensions than the AdS space itself, in all known models. In the view of the
dynamics from a trajectory a few Schwarzschild radii away from the horizon, thermalization
of the degrees of freedom corresponding to the geometry of the compact space transverse to
AdS happens rapidly, in a time of order the inverse temperature, much shorter than the AdS
radius. However, infalling objects separated by large angles still behave like localized objects
in AdS, until a time of order the AdS radius. The dynamical reason for the persistence of
localized behavior on the sphere in AdS is quite different from that for evaporating black holes.
Locality persists for a time thom > t
∗ becaus the CFT dynamics is explicitly local on the
sphere. It is not invariant under volume preserving mappings, and therefore gives ballistic,
rather than fast, scrambling. For small black holes in large radius AdS spaces, or large black
holes in Minkowski/dS space, the persistence of localization on the horizon and in the interior
are associated with the negative specific heat of the black hole and the fact that an initial
state in which an object falls through the horizon is a constrained state in the Hilbert space
of the eventual black hole that is formed by the infall, with an entropy deficit given, for black
hole mass much larger than that of the infalling object, by ∼ m(M)
1
d−3 in Planck units. The
frozen degrees of freedom are precisely the ones responsible for interaction between those of the
infalling object and those of the pre-collision black hole. The time required to equilibrate these
variables is the time over which locality is a sensible concept in the interior.
The situation is somewhat different if the infalling objects have fixed and low angular mo-
mentum on the compact sphere6. For these there is no need for thermalization of the internal
degrees of freedom in order to homogenize the perturbation on the compact sphere. Nonethe-
less, the equation dE = TdS is valid for these perturbations, so that the thermalization time
is again related to the extra entropy that’s created by the infall. The horizon state of a large
Schwarzschild black hole has vanishing mean angular momentum, but is wandering through
a Hilbert space built from states with large values of angular momentum. Thus the infalling
angular momentum can get transferred to horizon DOF, entangling the state of the infalling
6Presumably the same is true for low lying Kaluza Klein modes in any compact space K that forms part of
an AdSd ×K model with both radii of curvature large.
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object with the horizon. This thermalization process is localized in a small angular region in the
boundary field theory, which is equivalent to the same angular region on the black hole horizon,
seen from a nearby timelike trajectory. Thermalization occurs ballistically on the sphere, in
AdSd because the underlying dynamics is that of a local quantum field theory with a tensor
network/lattice cutoff. This implies that angular locality will be preserved for a time of order
RAdS. Note that this can be the proper time along any time-like trajectory at fixed global
coordinate r ≫ RS, since global time and the radii of spheres are both multiplied by r
2. The
translation of this into the frame of an infalling object is that localization in AdSd persists
for a time of order RAdS, after which all local information has ”fallen into the singularity” ≡
”thermalized with the large system on the horizon”. The latter equivalence appears non-local
to a bulk field theorist and is an indication that the underlying holographic model is NOT
well described by local field theory. The local description of the interior of all black holes is a
”mirage”, whose validity has a finite lifetime.
Now imagine that we’ve let a large AdS black hole evolve to a state of maximal complexity,
and let us ask what has to be changed in the above description. I would claim that the
answer is ”nothing”. The basis of that claim is that from the point of view of general quantum
systems, the current note has been about what might be called classical thermalization and
its association with singularities. It’s been recognized for many years that the prescription
of computing expectation values in an ensemble of all states, subject to a few constraints on
macroscopic averages, is valid only for a special class of operators, whose matrix elements
in the energy basis obey simple inequalities[16], even when the Hamiltonian is chosen from
a random matrix ensemble. One argues that this class of operators includes all reasonable
measurements one could make on a large chaotic system. In field theory, where one generally
works in terms of n-point correlations of a finite number of fundamental fields, the statement
would be that one expects to use this prescription only to calculate a finite number of n-point
functions in the infinite system. This is the reason that we see thermal results long before the
system has reached a state of maximal complexity, or experienced a single classical recurrence.
I find it hard to believe that the measurement corresponding to the existence or non-existence
of a firewall, which involves whether the macroscopic properties of an infalling semi-classical
system are disturbed or not, is sensitive to the details of the actual state of the system, which
differentiate between a truly random state, and one in which ”simple” operators have their
thermal expectation values. In other words, the projection operator on firewall states should
itself be a ”simple” operator.
The second reason to believe that complexity has little to do with drama at the horizon, in
the sense that phrase is used in the AMPS paper, is the fragility of complexity. This is by now
well understood, but I believe I first pointed it out to L. Susskind in a lunch conversation with
L. Susskind and Adam Brown. The point is that the event of dropping something onto a black
hole always involves increasing the entropy of the system by an amount dS = dE/T . The
minimal entropy change involves an energy change dE = T ln2, though it’s probably incorrect
to use thermodynamics for such a small change in energy7 The point however is that even this
minimal change decreases the complexity, relative to its maximum in the enlarged Hilbert space
by a factor that is exponential in the number of q-bits in the black hole. The time to reach
7Note by the way that for an energy even modestly larger than T , which could certainly be carried by a single
massless particle, the increase in entropy of the black hole is much larger than the particle’s internal entropy.
This indicates that even for large black holes in AdS space, the infall catalyzes the unfreezing of degrees of
freedom which must be non-locally distributed between the infalling object and the black hole.
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maximal complexity after infall is thus enormous. So far this is consistent with explanations
of the lack of drama at the horizon that attribute it to the failure of the black hole state to be
maximally complex. No matter what the initial state of the black hole, the hole plus infalling
system is in a state of its full Hilbert space where complexity is far from maximal. The real
problem with this explanation of lack of drama at the horizon is that it implicitly suggests
that there is no drama on time scales shorter than the time for buildup of complexity, but we
know that the proper times of infall to the singularity are all exponentially shorter than that.
By contrast, the picture of infall proposed in this note is based on the notion that black hole
singularities are dual to complete thermalization of temporarily isolated (and therefore bulk
localized) degrees of freedom inside the horizon, with the much more numerous horizon states.
By and large, the time scales for infall to the singularity are captured by the thermodynamic
equation dE = TdS. The timescale of infall to the singularity is the time to equilibrate the
extra entropy brought into the system by the infalling object, which must perforce have been
”frozen” when the infalling object was far from the black hole. The case of large AdS black
holes is anomalous, because AdSd dynamics outside the horizon is actually local in angle. Thus,
the mirage of local dynamics can be upheld for timescales long compared to the equilibration
time of the infalling system with its local environment on the d− 2 sphere.
The work of [4] has revealed a fascinating connection between the growth of complexity and
the growth of the Einstein-Rosen bridge (ERB), a geometrical object in certain eternal black
hole solutions. Originally that work was inspired by the firewall problem, and in particular by
the demonstration by Stanford and Shenker[14] that some of the pure states in the thermal CFT
ensemble corresponding to a stable AdS black hole, had high energy shock waves perturbing
the smooth geometry dual to the thermofield double state. The ERB always grew so that a
timelike trajectory crossing the horizon did not encounter those shock waves before it hit the
singularity. The growth of complexity is bounded for a finite dimensional Hilbert space so it
was conjectured that a maximally complex state would have a firewall at the horizon. Note
however that the time coordinate in which growth of the bridge comes to an end, is related to
the proper time of interior time-like trajectories by a transformation that is singular long before
the trajectory hits the space-like singularity of the black hole. Outside the horizon, the ERB
time becomes that of an accelerated timelike trajectory, along which the black hole horizon is
seen to equilibrate to a spherical black hole of larger mass on a time scale exponentially shorter
than those identified with the growth of complexity. This is dual/complementary to the fact
that the time slices on which complexity is described in the interior, never reach the black hole
singularity.
The eternal black hole in Minkowski/dS space is clearly not a pure state in the Hilbert space.
Since it’s an unstable equilibrium it corresponds to an ensemble of states, in each of which a
distribution of infalling matter is dropped onto the hole, at a rate that exactly compensates
the mass loss due to Hawking radiation. Thus, the quantum state of the localized Minkowski
or dS black hole NEVER approaches maximal complexity. It is constantly re-entangled with
the quantum states of the infalling systems which sustain its precarious equilibrium. It seems
incorrect to claim that the growth of complexity is ever going to stop for this system. It’s
time evolution depends on the microscopic details of the quantum state of infalling matter,
which are not encoded in the coarse grained description given by the black hole geometry. I
believe that the same is true for the eternal AdS black hole on time scales long compared to the
AdS radius. Again, if there’s any sense to talk about a quantum system associated with the
localized horizon, then that system must be in a quantum state that’s entangled with the rest
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of the boundary degrees of freedom, with which it exchanges Hawking radiation many times in
the period that it takes complexity to grow in a Hilbert space of fixed dimension equal to the
exponential of the black hole entropy. The ”local Hilbert space of states near the horizon” is
time dependent and its dimension is constantly shrinking and growing.
The linear dilaton black holes are also, in a sense, a counterexample to the conjecture that
firewalls are associated with maximal complexity. These black holes have a classical firewall:
the classical geometry in the interior of the hole becomes singular in a proper time of order
Planck scale along any interior timelike trajectory. The quantum models of these holes proposed
in[8] reproduces this result, but the time to hit the singularity is associated with t∗ rather than
a complexity time scale of the quantum model, which is exponentially large in the number of
fermion fields.
The connection between the geometry of the ERB and quantum complexity is fascinating
and deserves to be understood better, but I do not believe it’s related to singularities or the
resolution of the firewall paradox.
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